In this paper we consider the Itô-Schrödinger model for wave propagation in random media in the paraxial regime. We solve the equation for the fourth-order moment of the field in the regime where the correlation length of the medium is smaller than the initial beam width. As applications we derive the covariance function of the intensity of the transmitted beam and the variance of the smoothed Wigner transform of the transmitted field. The first application is used to explicitly quantify the scintillation of the transmitted beam and the second application to quantify the statistical stability of the Wigner transform.
Introduction
In many wave propagation scenarios the medium is not constant, but varies in a complicated fashion on a scale that may be small compared to the total propagation distance. This is the case for wave propagation through the turbulent atmosphere, the earth's crust, the ocean, and complex biological tissue for instance. If one aims to use transmitted or reflected waves for communication or imaging purposes it is important to characterize how such microstructure affects and corrupts the wave. Such a characterization is particularly important for modern imaging techniques such as seismic interferometry or coherent interferometric imaging that correlate wave field traces that have been strongly corrupted by the microstructure and use their coherence or covariance for imaging. The wave field correlations can indeed be characterized by second-order wave field moments and a characterization of the signal-to-noise ratio then involves a fourth-order moment calculation.
Motivated by the situation described above we consider wave propagation through timeindependent media with a complex spatially varying index of refraction that can be modeled as the realization of a random process. Typically we cannot expect to know the index of refraction pointwise, but we may be able to characterize its statistics and we are interested in how the statistics of the medium affect the statistics of the wave field. In its most common form, the analysis of wave propagation in random media consists in studying the field v solution of the scalar time-harmonic wave or Helmholtz equation
where k 0 is the free space homogeneous wavenumber and n is a randomly heterogeneous index of refraction. Since the index of refraction n is a random process, the field v is also a random process whose statistical behavior can be characterized by the calculations of its moments. Even though the scalar wave equation is simple and linear, the relation between the statistics of the index of refraction and the statistics of the field is highly nontrivial and nonlinear. In this paper we consider a primary scaling regime corresponding to long-range beam propagation and small-scale medium fluctuations giving negligible backscattering. This is the so-called white-noise paraxial regime, as described by the Itô-Schrödinger model, which is presented in Section 2. This model is a simplification of the model (1.1) since it corresponds to an evolution problem, but yet in the regime that we consider it describes the propagated field in a weak sense in that it gives the correct statistical structure of the wave field. The Itô-Schrödinger model can be derived rigorously from (1.1) by a separation of scales technique in the high-frequency regime (see [2] in the case of a randomly layered medium and [19, 20, 21] in the case of a three-dimensional random medium). It models many situations, for instance laser beam propagation [35] , time reversal in random media [5, 31] , underwater acoustics [36] , or migration problems in geophysics [7] . The Itô-Schrödinger model allows for the use of Itô's stochastic calculus, which in turn enables the closure of the hierarchy of moment equations [16, 25] . Unfortunately, even though the equation for the second-order moments can be solved, the equation for the fourth-order moments is very difficult and only approximations or numerical solutions are available (see [13, 24, 37, 40, 42] and [25, Sec. 20.18] ).
Here, we consider a secondary scaling regime corresponding to the so-called scintillation regime and in this regime we derive explicit expressions for the fourth-order moments. The scintillation scenario is a well-known paradigm, related to the observation that the irradiance of a star fluctuates due to interaction of the light with the turbulent atmosphere. This common observation is far from being fully understood mathematically. However, experimental observations indicate that the statistical distribution of the irradiance is exponential, with the irradiance being the square magnitude of the complex wave field. Indeed it is a well-accepted conjecture in the physical literature that the statistics of the complex wave field becomes circularly symmetric complex Gaussian when the wave propagates through the turbulent atmosphere [41, 43] , so that the irradiance is the sum of the squares of two independent real Gaussian random variables, which has chi-square distribution with two degrees of freedom, that is an exponential distribution. However, so far there is no mathematical proof of this conjecture, except in randomly layered media [15, Chapter 9] . The regime we consider here, which we refer to as the scintillation regime, gives results for the fourth-order moments that are consistent with the scintillation or Gaussian conjecture and we discuss the statistical character of the irradiance in detail in Section 7 exploiting our novel results on the fourth-order moments.
Certain functionals of the solution to the white-noise paraxial wave equation can be characterized in some specific regimes [3, 4, 11, 32] . An important aspect of such characterizations is the so-called statistical stability property which corresponds to functionals of the wave field becoming deterministic in the considered scaling regime. This is in particular the case in the limit of rapid decorrelation of the medium fluctuations (in both longitudi-nal and lateral coordinates). As shown in [3] the statistical stability also depends on the initial data and can be lost for very rough initial data even with a high lateral diversity as considered there. In [26, 27] the authors also consider a situation with rapidly fluctuating random medium fluctuations and a regime in which the so-called Wigner transform itself is statistically stable. The Wigner transform is described in detail in Section 4.1 and is known to be a convenient tool to analyze problems involving the Schrödinger equation [23, 34] . Here, we are able to push through a detailed and quantitative analysis of the stability of this quantity using our results on the fourth-order moments. An important aspect of our analysis is that we are able to derive an explicit expression of the coefficient of variation of the smoothed Wigner transform as a function of the smoothing parameters, in the general situation in which the standard deviation can be of the same order as the mean. This is a realistic scenario, we are not deep into a statistical stabilization situation, but in a situation where the parameters of the problem give partly coherent but fluctuating wave functionals. Here we are for the first time able to explicitly quantify such fluctuations and how their magnitude can be controlled by smoothing of the Wigner transform. We believe that these results are important for the many applications where the smoothed Wigner transform appears naturally.
The outline of the paper is as follows: In Section 3 we introduce the Itô-Schrödinger model and the general equations for the moments of the field. In Section 4 we discuss the second-order moments. In Section 5 we introduce and analyze the fourth-order moments and the particular parameterization that will be useful to untangle these. In Section 6 we introduce the so-called scintillation regime where we can get an explicit characterization of the fourth-order moments via the main result of the paper presented in Proposition 6.1. Next we discuss two applications of the main result: In Section 7 we compute the scintillation index and in Section 8 we analyze the statistical stability of the smoothed Wigner transform.
The White-Noise Paraxial Model
Let us consider the time-harmonic wave equation with homogeneous wavenumber k 0 , random index of refraction n(z, x), and source in the plane z = 0:
for x ∈ R 2 and z ∈ [0, ∞). Denote by λ 0 the carrier wavelength (equal to 2π/k 0 ), by L the typical propagation distance, and by r 0 the radius of the initial transverse source. The paraxial regime holds when the wavelength λ 0 is much smaller than the radius r 0 , and when the propagation distance is smaller than or of the order of r 2 0 /λ 0 (the so-called Rayleigh length). The white-noise paraxial regime that we address in this paper holds when, additionally, the medium has random fluctuations, the typical amplitude of the medium fluctuations is small, and the correlation length of the medium fluctuations is larger than the wavelength and smaller than the propagation distance. In this regime the solution of the time-harmonic wave equation (2.1) can be approximated by [20] 
where (u(z, x)) z∈[0,∞),x∈R 2 is the solution of the Itô-Schrödinger equation
with the initial condition in the plane z = 0:
Here the symbol • stands for the Stratonovich stochastic integral and B(z, x) is a real-valued Brownian field over [0, ∞) × R 2 with covariance
The model (2.2) can be obtained from the scalar wave equation (2.1) by a separation of scales technique in which the three-dimensional fluctuations of the index of refraction n(z, x) are described by a zero-mean stationary random process ν(z, x) with mixing properties:
3) is then given in terms of the two-point statistics of the random process ν by
The covariance function C is assumed to be continuous and to belong to L 1 (R 2 ). Its Fourier transform is nonnegative (it is the power spectral density of the stationary process x → B (1, x) ). The white-noise paraxial model is widely used in the physical literature. It simplifies the full wave equation (2.1) by replacing it with the initial value-problem (2.2). It was studied mathematically in [8] , in which the solution of (2.2) is shown to be the solution of a martingale problem whose L 2 -norm is preserved in the case f ∈ L 2 (R 2 ). The derivation of the Itô-Schrödinger equation (2.2) from the three-dimensional wave equation in randomly scattering medium is given in [20] .
The General Moment Equations
The main tool for describing wave statistics are the finite-order moments. We show in this section that in the context of the Itô-Schrödinger equation (2.2) the moments of the field satisfy a closed system at each order [16, 25] . For p ∈ N, we define
Note that here the number of conjugated terms equals the number of non-conjugated terms, otherwise the moments decay relatively rapidly to zero due to unmatched random phase terms associated with random travel time perturbations. Using the stochastic equation (2.2) and Itô's formula for Hilbert space-valued processes [30] , we find that the function M p satisfies the Schrödinger-type system:
with the generalized potential
We introduce the Fourier transform
It satisfies
wheref is the Fourier transform of the initial field:
and the operatorÛ p is defined bŷ
where we only write the arguments that are shifted. In this paper, unless mentioned explicitly, all integrals are over R 2 . It turns out that the equation for the Fourier transformM p is easier to solve than the one for M p as we will see below.
The Second-Order Moments
The second-order moments play an important role, as they give the mean intensity profile and the correlation radius of the transmitted beam [14, 21] , they can be used to analyze time reversal experiments [5, 31] and wave imaging problems [9, 10] , and we will need them to compute the scintillation index of the transmitted beam and the variance of the Wigner transform. We describe them in detail in this section.
The Wigner Transform
The second-order moments
satisfy the system:
The second-order moment is related to the mean Wigner transform defined by
that is the angularly-resolved mean wave energy density. Using (4.2) we find that it satisfies the closed system
, which is the Wigner transform of the initial field f :
Eq. (4.4) has the form of a radiative transport equation for the wave energy density W m . In this context k 2 0 C(0)/4 is the total scattering cross-section and k
is the differential scattering cross-section that gives the mode conversion rate.
By taking a Fourier transform in q and x of Eq. (4.4):
we obtain a transport equation:
that can be integrated and we find the following integral representation for W m :
whereŴ 0 is defined in terms of the initial field f as:
The Mutual Coherence Function
The second-order moment of the field (or mutual coherence function) is defined by:
where x is the mid-point and y is the offset. It can be characterized by taking the inverse Fourier transform of the expression (4.5):
Let us examine the particular initial condition which corresponds to a Gaussian-beam wave.
If the input spatial profile is Gaussian with radius r 0 :
then we haveŴ
and we find from (4.8) that the second-order moment of the field has the form
The Fourth-Order Moments
We consider the fourth-order moment M 2 of the field, which is the main quantity of interest in this paper, and parameterize the four points x 1 , x 2 , y 1 , y 2 in (3.1) in the special way:
In particular r 1 /2 is the barycenter of the four points x 1 , x 2 , y 1 , y 2 :
The fourth-order moment M 2 is of interest for instance for the characterization of the secondorder moment of the intensity, also called intensity correlation function by Ishimaru [25, Eq. (20. 125)]:
The intensity correlation function with mid-point x and offset y is given by (in terms of the function M 2 with the new variables):
Thus, the key to the understanding of the intensity correlation function and related physical quantities is to understand M 2 and we consider this in detail in this paper.
In the variables (q 1 , q 2 , r 1 , r 2 ) the function M 2 satisfies the system:
Note in particular that the generalized potential does not depend on the barycenter r 1 , and this comes from the fact that the medium is statistically homogeneous. If we assume that the input spatial profile is the Gaussian (4.9) with radius r 0 , then the initial condition for Eq. (5.2) is
The Fourier transform (in q 1 , q 2 , r 1 , and r 2 ) of the fourth-order moment is defined by:
. The resolution of this transport equation would give the expression of the fourth-order moment. However, in contrast to the second-order moment, we cannot solve this equation and find a closed-form expression of the fourth-order moment in the general case. Therefore we address in the next sections a particular regime in which explicit expressions can be obtained.
The Scintillation Regime
In this paper we address a regime which can be considered as a particular case of the paraxial white-noise regime: the scintillation regime. In [22] we addressed this regime in the limit case of an infinite beam radius, that is, a plane wave. Here we address the propagation of a beam with finite radius r 0 to analyze its role. In Appendix A we explain the conditions for validity of this regime in the context of the wave equation (2.1). More directly, if we start from the Itô-Schrödinger equation (2.2), then the scintillation regime is valid if the (transverse) correlation length of the Brownian field is smaller than the beam radius, the standard deviation of the Brownian field is small, and the propagation distance is large. If the correlation length is our reference length, this means that in this regime the covariance function C ε is of the form:
the beam radius is of order 1/ε, i.e. the initial source is of the form 2) and the propagation distance is of order of 1/ε. Here ε is a small dimensionless parameter and we will study the limit ε → 0. Note that for simplicity we assume that the initial beam profile is Gaussian, which allows us to get closed-form expressions, but the results could be extended to more general beam profiles. Let us denote the rescaled function
The evolution equations (5.5) of the Fourier transforms of the moments become
which shows the appearance of a rapid phase, and the initial condition (corresponding to (6.2)) iŝ
The asymptotic behavior as ε → 0 of the moments is therefore determined by the solutions of partial differential equations with rapid phase terms. A key limit theorem will allow us to get a representation of the fourth-order moments in the asymptotic regime ε → 0. We will see that, although the initial condition (6.5) is concentrated in the four variables around an ε-neighborhood of 0, the evolution equation will spread it, except in the ζ 1 -variable which is a frozen parameter in the evolution equation (6.4) . This is related to the fact that the generalized potential does not depend on r 1 as the medium is statistically homogeneous. It corresponds to the fourth-order moment not varying rapidly with respect to the spatial center coordinate r 1 while in the other barycentric coordinates we have in general rapid variations induced by the medium fluctuations on this scale. In the scintillation regime the rescaled functionM ε defined bỹ
satisfies the equation with fast phases
where we have denoted
Note that φ ε belongs to L 1 and has a L 1 -norm equal to one. Our goal is now to study the asymptotic behavior ofM ε as ε → 0. We have the following result, which shows thatM ε exhibits a multi-scale behavior as ε → 0, with some components evolving at the scale ε and some components evolving at the order one scale. 10) where the functions K and A are defined by (6.12) and the function R ε satisfies
It follows from the proof given in Appendix B that the function
is bounded uniformly in ζ ∈ R 2 and z ∈ [0, Z]. Therefore, all terms in the right-hand side of (6.10) are in
This proposition is important as many quantities of interest, such as the intensity correlation function, the scintillation index, or the variance of the Wigner transform of the wave field that we will address in the next two sections, can be expressed as integrals ofM ε against bounded functions. As a consequence we will be able to substituteM ε with the right-hand side of (6.10) without the remainder R ε in these integrals, and this substitution will allow us to give quantitative results.
The Intensity Correlation Function
The intensity correlation function (5.1) in the scintillation regime is defined by
that is, the mid-point x/ε is of the order of the initial beam width, and the off-set y is of the order of the correlation length of the medium. The intensity correlation function can be expressed in terms ofM
It can also be written in terms ofM ε as
Using Proposition 6.1, the intensity correlation function (7.1) has the following form in the regime ε → 0: 
Using the explicit form (6.12) of A, this expression can be simplified to
For comparison, the mutual coherence function defined by
is given by (see (4.11) with r 0 → r 0 /ε, x → x/ε, z → z/ε, and C → εC): 4) so that in the limit ε → 0 :
Before giving the result about the scintillation index, we briefly revisit the case of a plane wave, which corresponds to the limit case r 0 → ∞ and which was already addressed in [22] . We here find that, in the double limit ε → 0 and r 0 → ∞:
which is the result obtained in [22] . Note that in [22] we first took the limit r 0 → ∞, and then ε → 0, while we here do the opposite. The two limits are exchangeable. As discussed in [22] , this result shows in particular that the scintillation index, that is, the variance of the intensity divided by the square of the mean intensity as defined below in (7.6), is close to one when k 2 0 C(0)z ≫ 1. We next consider the scintillation index in the general case of an initial Gaussian beam as considered here. The expressions (7.2) and (7.5) allow us to describe the scintillation index of the transmitted beam for the general case of an initial Gaussian beam with radius r 0 . 
has the following expression in the limit ε → 0:
Let us consider the following form of the covariance function of the medium fluctuations:
withC(0) = 1 and the width of the function x →C(x) is of order one. For instance, we may considerC(x) = exp(−x 2 ). Then the scintillation index at the beam center x = 0 is
which is a function of z/Z sca and z/Z c only (or, equivalently, a function of z/Z sca and Z c /Z sca only), where
and Z c = k 0 r 0 l c . Here Z sca is the scattering mean free path, since the mean field decays exponentially at this rate: as can be seen from the Itô form of (2.2). Moreover, Z c is the typical propagation distance for which diffractive effects are of order one, as shown in [20, Eq. 4.4] . The function (7.8) is plotted in Figure 1 in the case of Gaussian correlations for the medium fluctuations:
. It is interesting to note that, even if the propagation distance is larger than the scattering mean free path, the scintillation index can be smaller than one if Z c is small enough.
Let us assume that C(x) can be expanded as
When scattering is strong in the sense that the propagation distance is larger than the scattering mean free path k 2 0 C(0)z ≫ 1, we have
and Eqs. (7.2) and (7.5) can be simplified:
exp − |x| 12) which is of the same order as the correlation radius of the field (compare the y-dependence of (7.9) and (7.10)).
-The scintillation index is close to one:
-The fourth-order moment and the second-order moment of the field satisfy:
or equivalently
(7.14)
These observations are consistent with the physical intuition that, in the strongly scattering regime z/Z sca ≫ 1, the wave field is expected to have zero-mean complex circularly symmetric Gaussian statistics, and therefore the intensity is expected to have exponential (or Rayleigh) distribution [13, 25] , in agreement with (7.13), and the fourth-order moment can be expressed in terms of the second-order moments by the Gaussian summation rule
valid for any complex circularly symmetric Gaussian process (Z(t)) t [33] , in agreement with (7.14).
Stability of the Wigner Transform of the Field
The Wigner transform of the transmitted field is defined by
It is an important quantity that can be interpreted as the angularly-resolved wave energy density (note, however, that it is real-valued but not always non-negative valued). Remember that the initial source is (6.2). This means that the Wigner transform is observed at a mid point x/ε that is at the scale of the initial beam radius, while the offset y is observed at the scale of the correlation length of the medium. In the homogeneous case, we find
which is concentrated in a narrow cone in q. Indeed the q-dependence of the Wigner transform reflects the angular diversity of the beam. In the limit ε → 0, we have
in the sense that, for any continuous and bounded function ψ,
In the random case, the q-dependence of the Wigner transform depends on the angular diversity of the initial beam but also on the scattering by the random medium, which dramatically broadens it because the correlation length of the medium is smaller than the initial beam width. As a result (see (4.5) with r 0 → r 0 /ε, x → x/ε, z → z/ε, and C → εC), the expectation of the Wigner transform is: 4) so that in the limit ε → 0 it is given by
More precisely, the mean Wigner transform can be split into two pieces: a narrow cone and a broad cone in q:
The narrow cone is the contribution of the coherent transmitted wave components and it decays exponentially with the propagation distance (see the expression (6.11) for K(z)). The broad cone is the contributions of the incoherent scattered waves and it becomes dominant when the propagation distance becomes so large that k 2 0 C(0)z ≫ 1. It is known that the Wigner transform is not statistically stable, and that it is necessary to smooth it (that is to say, to convolve it with a kernel) to get a quantity that can be measured in a statistically stable way (that is to say, the Wigner transform for one typical realization is approximately equal to its expected value) [3, 32] . Our goal in this section is to quantify this statistical stability.
Let us consider two positive parameters r s and q s and define the smoothed Wigner transform:
The expectation of the smoothed Wigner transform is in the limit ε → 0:
It can also be written as
The first term is a narrow cone in q around q = 0 corresponding to coherent wave components and the second term is a broad cone in q corresponding to incoherent wave components.
Note that the expectation of the smoothed Wigner transform is independent on r s as the smoothing in x vanishes in the limit ε → 0. However the smoothing in x plays an important role in the control of the fluctuations of the Wigner transform. We will analyze the variance of the smoothed Wigner transform and its dependence on the smoothing parameters r s and q s . The second moment of the smoothed Wigner transform is
which gives with (6.6):
Using Proposition 6.1, we find that, in the limit ε → 0:
where we have used the fact that A(z, −ξ, −ζ) = A(z, ξ, ζ). This is an exact expression but, as it involves four-dimensional integrals, it is complicated to interpret it. This expression becomes simple in the strongly scattering regime k 2 0 C(0)z ≫ 1, because then A(z, ξ, ζ) takes a Gaussian form and all integrals can be evaluated. Let us assume that C(x) can be expanded as
The coefficient of variation C ε s of the smoothed Wigner transform is defined by:
We get then the following expression for the coefficient of variation in the strongly scattering regime k 2 0 C(0)z ≫ 1: 13) where ρ z is the correlation radius (7.12) . Note that the coefficient of variation is independent of x and q. Eq. (8.13) is a simple enough formula to help determining the smoothing parameters q s and r s that are needed to reach a given value for the coefficient of variation. The coefficient of variation is plotted in Figure 2 , which exhibits the line 2q s r s = 1 separating the two regions where the coefficient is larger and smaller than one. For 2q s r s = 1, we have lim ε→0 C ε s (z, x, q) = 1. For 2q s r s < 1 (resp. > 1) we have lim ε→0 C ε s (z, x, q) > 1 (resp. < 1). The curve 2q s r s = 1 determines the region where the coefficient of variation of W ε s (z, x, q) is smaller or larger than one (in the limit ε → 0). The critical value r s = 1/(2q s ) is indeed special. In this case, the smoothed Wigner transform (8.7) can be written as the double convolution of the Wigner transform W ε of the random field u( z ε , ·) with the Wigner transform 
It is known that the convolution of a Wigner transform with a kernel that is itself the Wigner transform of a function (such as a Gaussian) is nonnegative real valued (the smoothed Wigner transform obtained with the Gaussian W ε g is sometimes called Husimi function) [6, 28] . This can be shown easily in our case as the smoothed Wigner transform can be written as
From this representation formula of W ε s valid for r s = 1/(2q s ), we can see that it is the square modulus of a linear functional of u( z ε , ·). The physical intuition that u( z ε , ·) has circularly symmetric complex Gaussian statistics in strongly scattering media then predicts that W ε s (z, x, q) should have an exponential (or Rayleigh) distribution, because the sum of the squares of two independant real-valued Gaussian random variables has an exponential distribution. This is indeed consistent with our theoretical finding that lim ε→0 C ε s = 1 for r s = 1/(2q s ). In fact the situation with complex scattering giving a field that has centered circularly symmetric Gaussian statistics is exactly what motivates the name "scintillation regime" with unit relative intensity fluctuations.
If r s > 1/(2q s ), by observing that
where * x stands for the convolution product in x:
and the function Ψ ε is defined by 
From this representation formula for W ε s valid for r s > 1/(2q s ), we can see that it is nonnegative valued and that it is a local average of (8.14), which has a unit coefficient of variation in the strongly scattering scintillation regime. That is why the coefficient of variation of the smoothed Wigner transform is smaller than one when r s > 1/(2q s ).
Finally, it is possible to take r s = 0 in (8.7), which corresponds to the absence of smoothing in x:
We then get 
If, additionally, we let q s → ∞, then we find
, and also lim
These results are consistent with formulas (7.9-7.10) (with y = 0) and the fact that
This shows that the limits q s → ∞ and ε → 0 are exchangeable.
Conclusions
In this paper we have considered the white-noise paraxial wave model and computed the second and fourth-order moments of the field. In the regime in which the correlation length of the medium is smaller than the initial beam width, the moments exhibit a multi-scale behavior with components varying at these two scales. Our novel characterization of the solution of the fourth-order moment equation allows us to solve important questions: in this paper we have analyzed the correlation function of the intensity distribution and the variance of the smoothed Wigner transform of the transmitted field. In particular we have characterized quantitatively the amount of smoothing necessary to get a statistically stable smoothed Wigner transform. We believe that our main result can find many other applications, for instance for the stability of time-reversal experiments [5, 31] or the stability of correlation-based imaging techniques in the paraxial regime [9, 10] .
A Scintillation Regime for the Wave Equation
In Section 6 we address a scaling regime which can be considered as a particular case of the paraxial white-noise regime: the scintillation regime. This corresponds to a situation in which the relative intensity fluctuations are of order one and it is an important regime to capture from the physical viewpoint. We explain in this appendix the conditions for the validity of this regime in the context of the wave equation (2.1). Let σ be the standard deviation of the fluctuations of the index of refraction n in (2.1). Moreover, let l c be the correlation length of the fluctuations of the index of refraction, λ 0 be the carrier wavelength (equal to 2π/k 0 ), L be the typical propagation distance, and r 0 be the radius of the initial transverse beam/source. In this framework the variance C(0) of the Brownian field in the Itô-Schrödinger equation (2.2) is of order σ 2 l c and the transverse scale of variation of the covariance function C(x) in (2.3) is of order l c .
We next discuss the scintillation scaling regime in more detail. First, we consider the primary scaling that leads to the canonical white-noise Schrödinger equation (2.2), which corresponds to zooming in on a high-frequency beam that propagates over a distance that is large relative to the medium correlation length, which is itself large relative to the wavelength. Moreover, the medium fluctuations are relatively small. Explicitly, we assume the primary scaling when
where θ is a small dimensionless parameter. We introduce dimensionless coordinates by: whose L 1 -norm is one. The first term in the right-hand side goes to zero as ε → 0 by Lebesgue's dominated convergence theorem (since C is in L 1 ,Ĉ is continuous, and since C(0) < ∞, the nonnegative-valued functionĈ is in L 1 ). The second term can be bounded by 2 e iε √ 2
which shows that it also goes to zero as ε → 0 and which justifies the o(1) in (B.15). The third, fourth, and fifth terms of the right-hand side of (B.14) can be dealt with in the same way and cancel the next three "source" terms in S
